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Abstract

The Monte Carlo program for small�angle Bhabha scattering with an overall preci�
sion of ����� is presented� The QED calculation at this precision level is of vital
importance for luminosity measurement at LEP�SLC experiments� BHLUMI is
a stand�alone Monte Carlo event generator with three sub�generators� BHLUM��
LUMLOG and OLDBIS� The 	rst of them is based on Yennie�Frautschi�Suura
O
�� exponentiation and the two other ones serve� essentially� to cross�check re�
sults from the 	rst one� LUMLOG represents pure leading logarithmic calculation
up to O
L���� and OLDBIS represents ordinary 
non�exponentiated� O
�� calcula�
tion� The important advantage of LUMLOG and OLDBIS is that they feature very
high technical precision of ������ All three sub�generators form a very powerful
tool box of programs for precise calculations of QED corrections to the luminosity
measurements in present e� annihilation experiments�
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PROGRAM SUMMARY

Title of the program� BHLUMI version ����
Computer� IBM 
���� APOLLO DN������� Installation� CERN� SLAC
Operating system� VM�CMS
Programming language used� FORTRAN ��
High speed storage required� ����� words
No� of bits in a word� 
�
Peripherals used� Line printer
No� of cards in combined program and test deck� about ����
Keywords� Radiative corrections� Monte Carlo simulation� Bhabha scattering�
bremsstrahlung� Quantum Electrodynamics 
QED�� electroweak theory� structure
functions�
Nature of physical problem� Small�angle Bhabha scattering process is used in all
electron�positron colliders to calculate machine luminosity� This process is subject
to QED radiative corrections which has to be known for arbitrary cut�o�s and�or
acceptance with precision at least factor three better then pure experimental pre�
cision� It means that the level of ���� should be reached� The realistic simulation
should include multiple emission of the bremsstrahlung photons�
Method of solution� The Monte Carlo simulation of the small�angle process is an
ideal solution� It provides integrated cross�section for arbitrary cuts� Direct simu�
lation of the 	nal�state electrons and photos is precisely what is needed for detector
simulation purpose�
Restrictions on the complexity of the problem� The overall precision of the QED
calculation is restricted� for typical LEP�SLC luminosity angular range� to ������
Typical running time� E�ciency for multiphoton sub�generator is ��� constant
weight events and ��� variable weight events per one IBM 
��� CPU second�
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LONG WRITE�UP

� Introduction

At high energy electron�positron scattering experiments like PETRA�PEP and
presently LEP�SLC in order to translate the number of events into a cross�section
one has to know the luminosity of the accelerator at the interaction point� The
luminosity is deduced from measuring the number of events for one 
or more� scat�
tering process
es� for which the integrated cross�section is safely calculable from
the theory� The e�e� elastic scattering� so�called Bhabha process� is a very good
candidate because in the range of a few degrees it is dominated by perfectly known
physics� the exchange of a t�channel photon� It is therefore used in all e� colliders
for luminosity measurement� Note that� in order to keep statistical errors small� the
process used for luminosity measurement has to have a large enough cross�section�
This condition is ful	lled in the Bhabha small�angle scattering process rather easily�
by putting the detector at small enough angles�

The small�angle Bhabha process� as any high energy process with light charged
fermions� is subject to relatively large� a few percent� QED radiative corrections� In
the experimental luminosity measurement these corrections have to be calculated
and their e�ect taken into account� in other words� removed from the luminosity
experimental value�

��� Systematics of QED prediction

It should be strongly stressed that� if the above procedure of removing the QED
e�ect is applied to any experimental quantity� then all uncertainties of the QED
calculation enter immediately its systematic error� In the case of the recent LEP
experiments the QED component in the luminosity systematic experimental error
was as large as all the other apparatus�related systematics�

If the QED uncertainty in luminosity measurement is so important the immedi�
ate questions are� where does it come from and what are the methods of reducing it�
The easiest way to answer the 	rst question is to enumerate the typical components
in the total QED uncertainty in any calculation of the QED radiative corrections�
We divide them into two equally important groups� The 	rst group forms the QED
uncertainty which we call collectively technical precision and by this we understand
all kinds of errors due to numerical approximations and mistakes in the analyti�
cal�numerical calculations� including rounding errors� programming bugs� random
number e�ects� etc�� but not the higher order e�ects� new physics� etc� This com�
ponent is inherently present in the calculation because even analytical calculations
are 	nally encoded in the computer programs� In fact in the Bhabha scattering the
numerical phase space integration of the Monte Carlo type is unavoidable owing to
experimental cuts and acceptance� The second component of QED uncertainty we
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call physical precision and by this we understand higher order e�ects due to trunca�
tion of the perturbative series� e�ects due to neglecting some Feynman diagrams or
sub�leading�logarithmic terms in the QED calculation� The entire QED uncertainty
is the sum of the technical and physical precision 
in quadrature�� We refer the
reader� for more detailed discussion on systematic errors of QED calculations� to
Ref� ��� in the general case and to Refs� ��� 
� in the small�angle Bhabha case�

What are the means of calculating and eventually reducing the QED uncertainty�
The essential prescription for estimation and reduction of the technical precision is
the following� try to calculate the cross�sections and�or di�erential distributions
twice or three times using calculational techniques as di�erent as possible � take
the di�erence between results as an estimate of the technical precision and work
hard to reduce it� The other simple methods like varying the input parameter in
the calculation� changing random number generators� etc� should be used routinely�
Good examples of calculating technical precision are in Ref� ���� where the phase
space integration for small�angle Bhabha�s was done 
for simpli	ed cuts� once with
the Monte Carlo method and a second time semi�analytically 
combination of ana�
lytical and Gauss integrations�� and in Ref� �
� where the integration was done using
two independent Monte Carlo programs� In both cases numerical results from the
two methods di�ered by only ����� and this was taken as the technical precision of
the calculation�

The only acceptable source of the physical precision is the calculation of higher
order e�ects and neglected terms 
especially if we suspect them to be sizeable� or
some kind of estimation of the upper limit on them 
this may be reasonable in
the case of contributions which are expected to be very small�� This may often
require developing new calculation methods and new Monte Carlo programs as well�
Needless to say the solid estimate of the technical and physical precision of the
QED radiative correction� as speci	ed above� may be more work than calculation of
the correction itself� This is� however� unavoidable because in the case where QED
uncertainty is taken as a component of the experimental systematic error 
removing
QED from data� any kind of not�well�founded guesswork on the QED uncertainty
cannot be accepted� It would make the experimental data 
with removed QED�
worthless�

How well do we know QED corrections and their uncertainty in the small�angle
Bhabha 
� � ���� scattering� At PETRA�PEP e� colliders the Monte Carlo pro�
gram OLDBAB of Ref� ��� and the related works ��� �� were used to calculate the
O
�� QED correction� They were typically of the order of a few percent 
exclud�
ing vacuum polarization� and it was not clear what their uncertainty was� neither
physical nor technical� most probably it was about� ��� Such a precision� at the
time� was perhaps enough as compared with the experimental precision of �� or
more� With the advent of SLC and LEP� the experimental precision in small�angle
Bhabha and luminosity measurement improved quickly down to �� and the best

�Note that the later papers �	
 did not bring anything new to the question of precision of
small�angle Bhabha calculation� They mainly concentrate on adding Z�exchange in large angles�






present measurements quote ���� experimental error�

��� Reduction of QED systematics in luminosity

In view of the fact that the QED uncertainty of �� in the luminosity measurement at
LEP�SLC became unacceptably high the authors of this paper have undertaken the
task of reducing it to ������ This was achieved in the series of three recent papers
��� 
� �� and the Monte Carlo program presented in this paper is the product of these
works and of one earlier work of Ref� ���� Let us brie�y summarize these works before
we explain how the BHLUMI ���� Monte Carlo program represents them� We have
started our work with the necessary step of reducing technical precision of the O
��
QED calculations which were already in use in PETRA�PEP� In Ref� ��� we have
done a very careful comparison of the Monte Carlo generator OLDBAB ��� with the
completely new semi�analytical calculation and we have established the technical
precision of this QED O
�� calculation to be at the unprecedented level of ������
In order to get this technical precision we had to modify the OLDBAB program� The
modi	ed version of OLDBAB is available in the present program under the modi	ed
name OLDBIS� Let us stress that although paper ��� did not directly bring anything
new on higher order QED calculations� it has nevertheless brought essential progress
in solving the problem of reducing uncertainty of the QED corrections in luminosity
measurement� We are able to say whether a given Monte Carlo or other calculation
really represents the QED O
�� answer� within technical precision of ������ In
other words Ref� ��� provides a baseline 
reference� calculation for any precise QED
calculation in small�angle Bhabha scattering�

Once we knew what the precise O
�� QED answer was� we could ask about the
higher order corrections� To do the entire O
��� would be a long calculation and in
fact not a very economical way of improving on precision� One knows in advance
that only the dominant part proportional to �� ln�
jt�j�m�

e� is really signi	cant��

This part is relatively easy to calculate� 
Note that L � ln
jt�j�m�
e� is the so�called

big logarithm involving the typical t�channel transfer t��� In Ref� �
� the O
��L��
leading�logarithmic correction to small�angle Bhabha�s for semi�realistic cuts was
calculated� The same very good technical precision of ����� was achieved� In this
case� the reliable estimate of the technical precision was obtained by comparing
two Monte Carlo leading�logarithmic 
LL� calculations� The additional cross�check
with a semi�analytical calculation for simpli	ed 
unrealistic� structure functions was
also done and con	rmed the above technical precision� We have also provided the
LEP�SLC collaborations with the Monte Carlo event generator LUMLOG which
allows one to calculate the O
��L�� correction for arbitrary cuts�acceptance� This
program is included in the present version of BHLUMI� The leading�logarithmic pro�

�This check was done for BABAMC program �	
 by all LEP experimental collaborations� see
Ref� ��
�

�As was pointed out in Ref� ���
 the leading�logarithmic third�order contributions are equally
important as the second�order sub�leading contributions�
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gram LUMLOG is based on structure functions and its QED perturbative content
in fact extends to the third�order O
��L��� It has Yennie�Frautschi�Suura 
YFS�
exponentiation of the latter� optionally� Its kinematics is based on strict collinearity
of the bremsstrahlung photon emission� Furthermore� since in the typical luminosity
measurement the 	nal�state electron is measured calorimetrically 
no distinction be�
tween electrons and photons in the detector� the LL 	nal�state correction is exactly
zero due to the Lee�Kinoshita�Nauenberg theorem� This is the reason why it was
not necessary to include it in LUMLOG� In Ref� �
� we have also given a recipe for
how one combines the O
�� and O
��L�� Monte Carlo results in order to reach the
overall QED precision of ��
�� We shall refer to this recipe in the following as the
OLDBIS�LUMLOG solution� The main component in the above QED uncertainty
was ���� due to O
��L� corrections and ���� due to light pair production� The
t�channel vacuum polarization 
������ uncertainty was not included in this QED
error�

The OLDBIS�LUMLOG recipe is a perfectly reasonable QED perturbative pre�
scription but has two disadvantages� it is not represented by the single Monte Carlo
event generator and it does not include exponentiation� i�e� summation of the soft
photon e�ects to in	nite order� The exponentiation technique is known to reduce
signi	cantly higher order e�ects ���� ���� In fact OLDBIS and LUMLOG were from
the beginning meant as tests of the BHLUMI program ��� which is a full�scale multi�
photon event generator with the O
�� Yennie�Frautschi�Suura exponentiation �����
The �� precision estimate of the early version of BHLUMI was obtained by com�
paring its results with non�exponentiated O
�� calculations ���� It was clear from
the beginning that its actual precision could be better but there were no additional
programs of comparable quality to prove this statement� In paper ��� the system�
atic comparisons of BHLUMI with the OLDBIS�LUMLOG combination gave a
����� overall precision estimate for the present version of BHLUMI�� This estimate
includes the vacuum polarization uncertainty� Note that at present the ����� un�
certainty of BHLUMI from paper ��� includes technical precision� The 	rst results
of an independent calculation of technical precision of BHLUMI based on the expo�
nentiated version of the semi�analytical calculation of Ref� ��� were presented in Ref�
��
� 
this work needs to be completed�� Note that on the way from BHLUMI version
��xx to the present version ���� a lot of technical improvements were done which
probably improve its technical precision signi	cantly� notably� the ���� bias due to
misuse of random number generators was removed and numerical instabilities in the
matrix element calculation due to smallness of electron mass and of the electron
scattering angle were cured� see also next Section�

How can the present program help in calculating QED corrections and their un	
certainty in small	angle Bhabha luminosity measurement�

�This may look as a kind of paradox that O
��exp BHLUMI is as precise as the O
��� OLD�
BIS�LUMLOG solution but the key point ��
 is that due to exponentiation BHLUMI includes
almost all of the O
��L�� correction ��
 and 
most probably� of O
��L� as well�
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� The OLDBIS sub�generator may be used to check if any O
�� Monte Carlo
or analytical calculation really represents the QED O
�� calculation in small�
angle Bhabha�s to within ����� technical precision� It embodies the high
precision numerical benchmark of Ref� ��� for O
�� QED� It may also serve
to calculate the contribution from up�down interference which is very small
and is often neglected� nevertheless� it should be kept under control because
it enters into QED systematics�

� The LUMLOG sub�generator together with OLDBIS or any other O
�� Monte
Carlo generator may be used for implementing the OLDBIS�LUMLOG recipe
of Ref� �
�� It is also a source of estimate of the light pair contribution� The
LUMLOG�OLDBIS solution is the test of the BHLUM� multiphoton sub�
generator and we recommend comparing them again� following Ref� ���� for a
given experimental set�up� especially if the experimental error is ���� or less�

� The BHLUM� multi�photon sub�generator is the basic Monte Carlo generator
of the presented program and it should be used for removing QED corrections
from luminosity measurement� It is well suited for detector simulation� It
features Yennie�Frautschi�Suura exponentiation � the e�cient technique of
reducing higher order corrections�

��� YFS exponentiation and Monte Carlo

In the following we shall describe brie�y the Yennie�Frautschi�Suura 
YFS� exponen�
tiation and explain the role of the Monte Carlo technique in the practical calculations
in the YFS framework�

The Yennie�Frautschi�Suura 
YFS� exponentiation was formulated in the clas�
sic paper ���� and it represents exclusive exponentiation� not to be confused with
the often practised inclusive exponentiation� We refer the reader to Ref� ���� for
a more detailed explanation of this and many other aspects of exponentiation� In
brief� exponentiation is the method of summing up to in	nite order the contribu�
tions from soft virtual and real photons� In Ref� ���� all soft photon contribu�
tions�divergences were carefully analysed in the standard Feynman�diagrams based
framework of QED� taking care of renormalizability 
ultraviolet divergences� and
gauge invariance� It is exclusive because isolation and summation 
to in	nite or�
der� of the infrared divergent parts is done on exclusive di�erential cross�sections

in fact on scattering amplitudes� with an arbitrary number of real photons� The
inclusive exponentiation was developed in order to avoid the di�cult phase space
integration in full YFS exponentiation� It amounts to ad hoc modi	cations of the
one�dimensional inclusive distributions taking as a guide some partial results from
the full YFS exponentiation� see examples in Ref� �������

�The inclusive ad�hoc exponentiation is in most cases done in O
��� see ���
� later it was done
in O
��� ���
� and recently the O
��� examples were constructed ���
�
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Monte Carlo implementation of the YFS exclusive exponentiation was started in
Refs� ���� and ���� and the 	rst Monte Carlo program for second�order initial state
radiation YFS exponentiation was published in Ref� ���� which is currently included
in the Monte Carlo program KORALZ ����� The 	rst Monte Carlo implementation
of the YFS exponentiation for the t�channel process was described in Ref� ���� There
exists also an unpublished version of the YFS�type Monte Carlo program YFS
 for
initial and 	nal state bremsstrahlung 
second order� for Z production at LEP�SLC
����� see also the recent e�ort in Ref� ��
� in this direction� Why use the Monte Carlo
method for YFS exponentiation� The reason is twofold� First of all� the original
YFS inclusive exponentiation involves integrations over multiphoton phase space �
the numerical Monte Carlo integration method is practically the only one which is
able to evaluate these multidimensional integrals�� and secondly� with help of the
Monte Carlo simulation one may take even the most complicated experimental cuts
and acceptance into account in the data analysis� Note that here and in the following
we have in mind exact integration 
within statistical errors� over the multiphoton
phase space�� In fact the advent of fast computers and the development of the Monte
Carlo methods created the 	rst chance of pro	ting fully from the YFS exponentiation
scheme�

What are the pro	ts from the YFS exponentiation� In the YFS exponentiation
infrared contributions are correctly summed up to in	nite order� The remaining
non�divergent parts are calculated perturbatively order by order� The pro	t� apart
from having� once and for all the correct soft photon limit� is that the order by order
convergence of the integrated cross�sections and di�erential distributions is usually
better than in the non�exponentiated version of the calculation� see Ref� ���� for
discussion in the case of s�channel e� annihilation into the Z�resonance� For a t�
channel dominated process this phenomenon of boosting perturbative convergence
was shown in Ref� ����

The above arguments show that it is worth while to exponentiate using the
YFS method� let us therefore consider the question of how to do it and how to
create a Monte Carlo integration�simulation program for the t�channel dominated
process in which we are interested for luminosity purposes 
the other immediate
application will be ep scattering of the HERA type�� Since the Monte Carlo method
is slowly convergent� it is therefore essential to understand fully the structure of the
peaks in the integrand and to remove them 
e�ectively� by the appropriate change
of the variables� This means that one has to invent such variables in which these
singularities are simple enough 
like � ��x� to be integrate by hand� In the small�
angle case the basic singularities are the very strong ��t� photon exchange peak and

�Only the simplest case when all photons are very soft can be treated analytically� Some
integrations can be done analytically in the leading�logarithmic approximation ���
�

�It is often the case in the QCD calculations that part of the de�nition of di�erential�total cross�
section is hard�wired into the Monte Carlo phase space integration algorithm such that the phase
space and the matrix element are impossible to separate� In our case we follow the standard method
�phase space times matrix element squared� as in the usual order by order QED calculations�
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a bit milder bremsstrahlung peaks ��
kp��
kp�� for all real photons� To complicate
things even more� the conservation of the total four momentum has to be taken into
account� The appropriate variables were invented during the construction of the
Monte Carlo program for simulation of the QED bremsstrahlung from the electron
line in the ep scattering 
HERA� ���� and their generalization to multiphoton case
was presented in Ref� ���� In fact� they are variant of the Sudakov light�cone variables
known for a long time ����� In the new variables the phase space together with the
infrared singularities due to real photons appeared to be treatable by the standard
Monte Carlo methods�

The rest of the paper is organized as follows� In Section � we shall describe
essential ingredients in the Monte Carlo algorithm and QED matrix element in all
three sub�generators� In Section 
 we list most of the subprograms and describe
brie�y their role� In Section � we provide instructions on how to use the program
and provide detailed description of the input�output� Short conclusions terminate
the paper�

� Monte Carlo algorithm

In this Section we shall describe in detail the multiphoton Monte Carlo event sub�
generator BHLUM� of BHLUMI ����� which features O
�� Yennie�Frautschi�Suura
exponentiation� We shall give a complete technical description of its Monte Carlo
algorithm and explain di�erences from the previous versions BHLUMI ��xx� We
shall also give a brief description of the Monte Carlo algorithm of LUMLOG and a
short comment on the small but important modi	cation in the algorithm of OLDBIS
with respect to OLDBAB�

The Monte Carlo algorithm of BHLUM�� multiphoton generator described 	rst
in Ref� ���� represents the minimal solution of the problem of the phase space in�
tegration over bremsstrahlung singularities in the presence of the strong t�channel
singularity ��t�� It is minimal because it is based on the choice of the phase space
variables in which the �bremsstrahlung phase space � 
squared matrix element
modulus��
phase space� is completely �at 
constant� and in the Monte Carlo al�
gorithm it is not possible to do better� It was possible to achieve this by using
Sudakov�type variables� Sudakov has discovered that in these variables the integra�
tion over �bremsstrahlung phase space amounts simply to calculating 
in leading�
logarithmic approximation� the area of the integration domain which is typically a
combination of rectangles and�or triangles� With respect to Sudakov we improved
the method a lot� in transforming the �bremsstrahlung phase space to his variables
Sudakov neglects �� ln
jtj�m�� terms 
LL approximation� while in our variant we
treat this distribution exactly� i�e� dropping only m�

e�jtj terms�	 Achieving complete
�atness may look in the actual calculations a bit like a miracle but the essential

�The above mentioned rectangles and triangles in Sudakov variables become a bit oval in our
exact calculations� In the Monte Carlo this is taken into account�
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reason for this to be true is that for 
almost� massless fermions the bremsstrahlung
�integration element 

d!� �
d�k

k�
�

���
�p�p�


p�k�
p�k�

��

is not only Lorentz invariant� but also scale�invariant� Our method of integration
over t�channel �bremsstrahlung phase space apart from being minimal and natu�
ral is also universal� It is universal because it can be applied to any kind of QED
problem� For example� it is not necessarily bound to exponentiation� i�e� non�
exponentiated
 O
�� 
see� Ref� ���� ��� or O
��� Monte Carlo calculations can be
done with our method� Furthermore� it extends also to multiphoton bremsstrahlung
in the 	nal�state fermion�pair system ����� Let us 	nally stress that although the
Monte Carlo algorithm presented here is minimal for the particular problem� never�
theless� it is currently 
in our opinion� the most sophisticated Monte Carlo algorithm
for the QED bremsstrahlung calculation�

��� BHLUM� master formula

The completemaster formula for the O
��� exponentiated total cross�section for the
process e�
p���e�
q��� e�
p���e�
q���n�
ki��n��
k�i�� as actually implemented
in the BHLUMI ���� Monte Carlo program is the same as in Ref� ��� and it reads
as follows��

� �
�X
n��

�X
n���

�

n�

�

n��

Z
d�q�
q��

d�p�
p��

���

�
p� � q� � p� � q� �

nX
i��

ki �
n�X
i���

k�i�

�

exp
�
Y 
"�	 p�	 p�� � Y 
"�	 q�	 q��

�
Z nY

i��

d�ki
k�i

!S
p�	 p�	 ki�
� �#
"�� ki��
Z n�Y

j��

d�k�j
k��j

!S
q�	 q�	 k
�
j�
��#
"�� k

�
j��

�
$
��
� 
Q	 p�	 p�	 q�	 q�� �

nX
i��

$
��
� 
Q	 p�	 p�	 q�	 q�	 ki�� !S
p�	 p�	 ki�

�
n�X
j��

$
��
�� 
Q	 p�	 p�	 q�	 q�	 k
�
j�� !S
q�	 q�	 k

�
j�
�
%M�C�
pi	 qi	 kl	 k

�
m�	 
��

where !S
p�	 p�	 k� � �
������

p��kp�� � 
p��kp���
� is the real photon infrared

factor and

Y 
"	 p�	 p�� � �� !B
"	 p�	 p�� � ���B
p�	 p��

�The BHLUMI ��xx included a non�exponentiated O
�� sub�generator which was used for tests
and it is not included here�

�	Note that taking only n � n� � �� � and expanding the form�factor exp
Y 
��� � Y 
���� one
recovers the ordinary non�exponentiated O
��� expression for the di�erential cross�sections� For
instance� de�ning ���� by k	 � �

p
s�� in the laboratory frame one recovers exactly the Eq� 
�� of

Ref� ��
�
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���

Z
d�k

k�
#
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�
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kp�

��

����
Z
d�k

k�
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����

�
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� �p� � k

�kp� � k�
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�

is the standard Yennie�Frautschi�Suura form factor ����� It is infrared 	nite and
#
"� k� � � for k � "� and #
"� k� � � for k �� "� The infrared " region includes
the k � � infrared point and its de	nition may implicitly involve the dependence on
fermion four�momenta pi and qi ����� None of the physically sensible results depends
on the choice of "� The " domain is typically de	ned through the k� � Emin

condition in a certain reference frame� 
In fact� the program features two types of
" but only one of them is in use� see later this Section�� We shall de	ne "��� and
give the corresponding explicit formula for the form�factors later� while describing
the Monte Carlo algorithm�

The perturbative O
�� QED matrix element is located in the $
�s which are��
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�	 tp � ��p�p�	 tq � ��q�q�	

s � �p�q�	 s� � �p�q�	 u � ��p�q�	 u� � ��q�p��

��Note that in the analogous formula in Ref� ��
 the expression for ��

��
� was distorted and factor

� in front of �	 was omitted� The formula in the program was always correct so this does not have
any consequences for numerical results in this paper�
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We implement vacuum polarization through the QED running coupling constant
�r
t� � ��j� � &
t�j at the proper Q� � t scale� This takes into account the
vacuum polarization correction in the O
��L��� as was pointed out in Ref� ����� The
correction �� � t�s is due to s�channel � exchange and the correction �Z represents
here the interference of the t�channel photon with the s�channel Z
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�r
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�r
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�s�
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s �M� � is'�M
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where a � ���
� sin �W cos �W �	 v � a
� � � sin� �W �	 M and ' are the usual
coupling constants� mass and width of Z� We use sin� �W � ���
��	M � ������
GeV and ' � ���
� GeV and these values are already precise enough for the purpose
of luminosity measurement� In the above two corrections we keep terms which are
necessary for the precision � ���� for angles � � ����

The main di�erence in the above QED matrix element with respect to BH�
LUMI ��xx is the neglect of up�down interference� This contribution was found in
Ref� ��� to be very small in small�angle Bhabha�s� for � � �� it is generally be�
low ������ In any case� for the purpose of the discussion of the physical error the
OLDBIS sub�generator will provide the value of this contribution for any cut or
acceptance� Dropping up�down interference allows us to consider bremsstrahlung
from upper e� and lower e� fermion lines independently� and to simplify the mul�
tiphoton bremsstrahlung matrix element considerably� In the process of writing
the O
�� multiphoton matrix element in the YFS exponentiation it is necessary to
extend 
extrapolate� the single bremsstrahlung matrix element beyond the three�
body phase space��� Instead of doing it by means of manipulating four�momenta
arguments in the corresponding expressions� as in Refs� ���� �� 
so�called reduc�
tion procedure�� we rather extrapolate the single bremsstrahlung matrix element
expressed in terms of Mandelstam variables� see Eq� 
��� This method gives almost
the same numerical result while it leads to more compact and explicit expressions
which are faster and numerically more stable in the computer evaluation� It should
be stressed� however� that reinstalling up�down interference in the present program
is possible and it would be rather straightforward � the basic Monte Carlo algorithm
is already prepared for this� see later in this section� We did not do it because in the
small�angle Bhabha we regard up�down interference as an unnecessary complication�

The function

%M�C�
pi	 qi	 kj� � �
jtj � jtminj��
jtmaxj � jtj� 
���

de	nes phase space for events generated in the Monte Carlo run� The user�s own ex�
perimental trigger %exper� is imposed later by the usual rejection method� see Section
��� for discussion of the practical choice of tmin�max� Cross�sections and distribu�
tions obtained with %exper� do not and should not depend on the particular values of

��This extrapolation is inherent in any kind of exponentiation and owing to the fact that infrared
singularities were subtracted and summed up to in�nite order� see Refs� ���� ��
 for more comments�
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Figure �� The dependence of the total QED correction � � ���Born�� on the energy
cut zmin where � is de�ned in eq� 
�� and calculated with multiphoton sub	generator
of the present program� 
The vacuum polarization� Z and � s	channel contribution
are included�� Statistical Monte Carlo errors are indicated 
they are usually below
the size of dots�� Monte Carlo sample includes ��� � ��� weighted events� Triggers
N	N� W	W� N	W and the energy cut zmin are de�ned as in Ref� ����
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tmin�max� Note also that transfer t has physical meaning only if up�down interference
is neglected and�or in the LL approximation� Otherwise it is an intermediate pa�
rameter in the Monte Carlo generation� being a complicated function of the photon
momenta dependent on details of the Monte Carlo generation algorithm�

The total QED correction 
with respect to Born which includes t�channel �
exchange only� corresponding to QED matrix element of eq� 
�� is shown in Fig�
�� It is calculated with the present Monte Carlo program��� The correction � is
shown not only for the most interesting asymmetric acceptance function %NW but
also for symmetric triggers %NN and %WW � These semi�realistic triggers and energy
cut parameter zmin are de	ned in Ref� ����

��� BHLUM� Monte Carlo algorithm

The construction of the Monte Carlo algorithm involves two essential steps� the
choice of proper integration variables and the simpli	cations of the integrand which
are later compensated by appropriate rejection� To each simpli	cation corresponds
a well�de	ned component in the rejection weight�

Let us rewrite 	rst Eq� 
�� in a more compact notation
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where

d�i �
d�ki
k�i

!S
p�	 p�	 ki�
� �#
"�� ki�� 
���

and the rest of notation is self�explanatory�
The following crucial identity expressing introduction of the Sudakov�type vari�

ables in the phase space holds up to m�
e�jtj terms

Z
d�q�
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p��

���
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i��

d�i
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i��
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Z n�Y
i���

d��i�

����tpt
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����tqt
���� �
s�� #� #�
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���

where the bremsstrahlung integration elements �i on the left�hand side of the iden�
tity are expressed in terms of four�momenta� as in Eq� 
���� while on the right�hand

��In Fig� � of Ref� ��
 the same plot is not correct� The whole plot of � is shifted there about
��� beacuse of bug in the plotting program 
independent of the Monte Carlo program�� The value
of � in Table �a and other plots in Ref� ��
 are not a�ected�
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side they are functions of the new variables�
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and similarly
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We de	ne variables !�i !
i exactly as in Eqs� 
������ of Ref� ���� in terms of the
momenta in the corresponding t�channel rest frame QRSp where p�� � p�� � Ep and
�p� � �p� � �� For the convenience of the reader let us recall these de	nitions

k�i � 
�i � 
i�Ep	 k�i � 
��i � 
i�Ep	

k�i � kT cos 
i	 k�i � kT sin 
i	 kT � �Ep

q
�i
i	 
���

�i � !�iKp	 
i � !
iKp	 Kp �
�
��

nX
j��

!
j
���

�

p�
p� �
nP

j��
kj�

p�p�
	

see Ref� ��� for more details� Similarly� we de	ne the variables !��i !
�i in the analogous
way in the rest frame of the q� � q� system� QRSq� Note that� at 	rst sight� Eqs�

��� and 
��� di�er from �i in Eq� 
��� of Ref� ���� They are� however� identical
up to m�

e�jtj terms 
in the integrated cross�section�� The present form helps to
	ght numerical instabilities due to rounding errors at small photon angles� Let us
stress that variables tp � tp
t	 !�i	 !
i�� tq � tq
t	 !��i	 !


�
i�� and s� � s�
s	 t	 !�i	 !
i	 !�i	 !
i�

are known but complicated functions of the bremsstrahlung variables� The �
s��
condition re�ects the fact that some high values of !��s and !
�s� close to one� lead
formally to negative s�� i�e� outside the phase space���

With the above transformation to new variables the master formula of Eq� 
��
takes the new form
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���
which will be taken as a starting point for constructing the Monte Carlo integration�
�simulation algorithm� Is the above new phase space parametrization rendering the
integrand �at� Apart from the region very close to the edges of the phase space
where there are some additional helicity zeros� the integrand behaves essentially like

 
dt�t��

Q
i

d!�i�!�i�
d!
i�!
i� � d
��t�

Q
i
d
ln !�i�d
ln !
i�� i�e� the simple logarithmic

��In fact� in the program we use rather �
s� � �m�
e��

��



substitution makes it constant and the t�integration clearly factorizes o�� All ad�
ditional variation hidden in $
��� is rather mild and can be easily introduced in the
Monte Carlo by weighting or rejection�

In the new phase space parametrization we are ready� now� to de	ne the soft�
photon regions "��� and calculate the corresponding YFS form factors Y 
"����� We
shall de	ne them directly in terms of the Sudakov�type variables� Let us do it in
detail for "�� the case of "� is completely analogous� It is easy to 	nd the expression
for Y 
"�

�� in the case of the conventional spherical boundary in the QRSp frame�

see above� de	ned by �k��
q
jtpj � �� or in terms of our intermediate variables� by

�i � 
i � �� We simply take the s�channel formula� Eq� 
��� of Ref� ���� 
or Eq�

���� in Ref� ����� and add ����� due to analytical continuation in the virtual ��B
function from s to t channel� The result is
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The rescaling transformation 
�i	 
i� � 
!�i	 !
i� translates this condition into !�i �
!
i � ��Kp� The actual generation of real photons is done more conveniently in the
�rectangular region � � max
!�i	 !
i� � (	 ( � ��Kp� and our soft�photon region
"� in the form�factor calculation is de	ned as max
!�i	 !
i� � (� The real photon
integral over the triangle area max
!�i	 !
i� � (	 
!�i � !
i� � ( adds to Eq� 
���
the contribution �
���� 
������ Summarizing� the corresponding YFS formfactor
for "� reads as follows��
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The de	nition of "� and the corresponding form factor Y 
"�� is completely anal�
ogous� It is clear that the two soft regions "��� overlap partly and they do not
represent anything simple in the laboratory system� This solution is satisfactory
and economical as long the photon emission is considered independently from e�

and e� fermion lines� i�e� as long as we neglect up�down interferences� In fact there
exists an elegant method 
better than rejection in Ref� ���� of imposing common
infrared boundary on soft photons in the laboratory system� It is already imple�
mented in this program� see later in this Section� This may be helpful if� one day�
the up�down interferences are re�introduced for the large�angle Bhabha scattering
extension of the program�

The Monte Carlo algorithm is based on the rejection method� The true di�er�
ential density

d� �
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n�n��
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d��i� �
s��
$
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���

��Note that the K � KpKq dilatation factor was by mistake omitted in Ref� ��
� It was always
present in the program� therefore� this omission is of no consequence for any numerical result in
this paper�
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is temporarily replaced by the approximate �crude density d��� which is simple
enough to be integrated by hand and to be generated with the simple Monte Carlo
methods ����� and all e�ects of this simpli	cation are readily removed by rejecting
events according to weight

W �
d�

d��
� 
�
�

The rejection is in fact not necessary and one may work with weighted events as
well� In any case the total cross�section is given� up to statistical error� by

� �� W � �� �� W �
Z
d��	 
���

where the average weight � W � is calculated numerically and the crude cross�
section �� is known analytically� In practice the above substitution � � �� is done
in a few steps and each factor W �i
 in the total weight

W �
�Y

k��

W �k
 
���

corresponds to one simpli	cation step� In the following we shall describe in detail
all stages of simpli	cation in our case� giving explicitly the corresponding weight
factors�

�� We start the simpli	cation with the integration elements d�i and d��i� Let us
discuss the case of d�i� First� we get rid of dependence on tp � tp
t	 !�i	 !
i� in
�p by replacing it as follows

�p � m�
e

s
� �s� 
���

Let us remark in passing that for calculation at very small�angles �min � �o it
is possible and pro	table to use jtmaxj instead of s in the above replacement�
see Section � for more details� At the same time we set
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corresponds the �mass weight for the electron line

W ��
 �
����tpt
����

nY
i���n

W
��

i 	 W

��

i �

!�i !
i
!�i � �s !
i�
 !
i � �s!�i�


!�i � �p !
i��
 !
i � �p!�i��
� 
���

��Note that �
max
��i� ��i� ��� enters also in d��i and therefore drops out from the weights�
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�� The analogous modi	cations for the positron line lead to the second mass
weight
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� Next� in order to get rid of the complicated dependence s�
s	 t	 !�i	 !
i	 !�i	 !
i�
we set �
s��#�#�

� � � and the corresponding weight is simply
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�� For the same purpose we make the following simpli	cations in the YFS form
factors
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The corresponding �form factor weight reads as follows
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This replacement also 	xes conveniently the normalization of the average total
weight 
we choose it such that � W �
 ���

�� Finally� the last replacement of the series of !
�s by a Born�like distribution
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leads to the important �model component weight 
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The crude Monte Carlo cross�section resulting from the above 	ve simpli	cations
is de	ned as follows
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ln �s ln( all integration and summation can be done analyti�

cally leading to the very simple result
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Figure �� The distribution of the total weight W � WcrudeWmodel for multiphoton
sub	generator BHLUM�� Results come from the Monte Carlo sample of ������� events�
The maximum weight Wmax � ��� which is used for 
eventual� rejection is marked
with arrow� The events with W � Wmax� not visible in the plot� represent 
��� �
����� ���� of the total cross	section� There is no events with W � �� 
The highest
bin containing events with W � � extends to ���� � �����

��



Note that the two exponents cancel precisely due to appropriate choice of Y�� 
In
eq� 
��� there is freedom in the choice of the relative normalization of W and ��
which we used in order to get � W � close to one��

The crude distribution is not only analytically integrable but it is quite simple
to generate randomly points 
t	 
	 !�i	 !
i	 !��i	 
i	 !


�
i	 


�
i� according to this distribution�

All variables can be� in fact� generated independently� The 	rst four components of
the weight which we call together �crude weight 

Wcrude � W ��
W ��
W ��
W ��
 

��

are calculated during generation of the phase space variables 
t	 
	 !�i	 !
i	 !�
�
i	
!
�i� and

their translation into 	nal�state four�momenta p�	 q�	 ki� The last weight to which
we usually refer as �model component weight 

Wmodel � W ��
 

��

is calculated in the separate subprogram� For the purpose of various tests we calcu�
late several variants of the model component weightWmodel� all of them are stored in
the common block and are accessible to the user� see Section � for more details� This
organization� with parallel wights in a single M�C run� allows for tremendous gains
of CPU time in testing the program � one may calculate in the single Monte Carlo
run several cross�sections with di�erent versions of the model component weight

di�erent version of QED matrix element� instead of changing input parameters
and running the program several times� This trick is applied most easily in the
Monte Carlo run with variable�weight events� The distribution of the total weight
W � WcrudeWmodel is shown in Fig� �� It is highly regular� without W � � events
and with totally negligible tail W � Wmax whereWmax � ��� is the maximum weight
used in the case of rejection� In fact� the events with W � Wmax represents only
fraction 
��� � ���� � ���� of the total cross�section�

Why does our Monte Carlo algorithm have so simple a structure� i�e� single
rejection loop with single weight� It would de	nitely be possible to do additional
branches in the Monte Carlo algorithm which improve generation e�ciency� for
example� for extremely hard photons� or to introduce internal rejection loops for a
part or the whole of the crude weight� The example of such a sophisticated Monte
Carlo optimization can be found in the classic QED event generator MUSTRAAL
����� We did not do such optimizations in the present program consciously and
on purpose� In view of the fact that establishing high technical precision of the
program costs as much e�ort as its construction� the clear and clean structure of
the algorithm and the program is of highest priority� By optimizing the algorithm
we would typically gain perhaps 
�� in CPU time per event� which in view of slow
convergence of the Monte Carlo integration is not worth the additional e�ort in
testing the program���

��Especially� if one remembers that the typical speed of the computer�s CPU improves at the
rate of ������ annually�

��



As indicated above we have implemented in the present version of the program
a new method of introducing common soft�photon region "CMS
�� for photons gen�
erated from electron and positron lines� The region "CMS
�� is de	ned through
the k� � ��

�

p
s condition in the CMS center�of�mass 
laboratory� frame� Imple�

mentation of this method is not really necessary for the purpose of the small�angle
Bhabha�s where up�down interferences are negligible and bremsstrahlung from elec�
tron and positron lines can be considered completely independently� This part of
the algorithm will be useful� however� for future extension of the program to wide
angles� It improves also a little bit the e�ciency of the program 
but this is not
the main aim�� The improvement in e�ciency is more signi	cant with respect to
BHLUMI ��xx� where we used rather crude method of introducing "CMS by means
of assigning zero weight to all events where at least one photon falls into "CMS�
Another gain is that the following discussion will also explain in more detail the
particular choice of our mass weights W ����
�

To start� let us note that� if soft real photons were generated in the crude dis�
tribution �� according to the exact soft�photon distribution d�i� then there would
be no problem with transforming two soft�photon regions "� and "� into the single
region "CMS
�� at all� The method would be extremely simple� generate photons
with "� and "� taking ( �� ���min and remove from the list all photons which
fall into "CMS
��� i�e�� which have energy below ���

p
s � no need to worry about

changing the YFS form factor or anything else in the program� Why would it be
possible to proceed like that� It is enough to consider the "� � "CMS
�� transition�
This transition corresponds to the following change in the YFS form factor 
from
the real photon part�

exp

� Z
�CMS���

d�

�
	 
���

where "CMS�"� is the 
	nite� topological di�erence of the two soft domains� As a
short algebraic calculation shows� this factor is� however� compensated exactly by
the similar exponential factor due to reduction of the real soft�photon phase space�
The Monte Carlo total weight� integrated cross�sections etc�� are therefore the same�
The above reasoning simply re�ects the basic fact that the soft�photon boundary
de	ned by " is a dummy parameter in the game and none of the physical results
depends on its choice� The only obstacle to using the above prescription is that in our
present algorithm we generate very soft photons according to the crude distribution
d��� which includes the approximate density d!� and not the exact density d�� Are
we really forced to do it� At 	rst sight no� because we could have easily modelled�
with the additional rejection loop� the exact soft�photon density d� in the crude
distribution 
we could proceed with removing photons as above�� We do not do it this
way for important reasons� The exact soft�photon distribution d� has helicity zeros
at the zero photon angle with respect to the fermion� For hard photons these zeros

partly� disappear and the model component weight Wmodel is responsible for 	lling
zero�angle dips in the angular photon distribution� If these zeros were introduced
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already 
by rejection� in the crude distribution d�� then the model component weight
would have strong unacceptable �uctuations due to occasional division by 
almost�
zero� Is there another solution to compromise the requirement of not having helicity
zeros in d�� with the nice and easy prescription of removing unwanted soft photons
from the list� Yes� and it is the following� In the removal prescription� as described
above� soft photons do not contribute to the total weight and its average at all
because they are already treated properly in the crude density d��� In the case
of our crude distribution present in the program� since the ratio d��d!� �uctuates
for removed soft photons� we have to take this into account� i�e�� we have to know
analytically and include in the total weight the average � d��d!� �� In fact� it
is not di�cult to calculate it� Let us note that for the present �� with d!��s� the
previously described exact compensation between the form factor and the real soft�
photon phase space contribution 
in "� � "CMS
�� transition� is now disturbed�
This disturbance corresponds precisely to the average weight � d��d!� � in which
we are interested� In the present case� the form�factor contribution 
��� is the same
but the factor corresponding to shrinking real soft�photon phase space

exp

�
�

Z
�CMS���

d!�

�

���

is di�erent� The product of the two represents the average mass weight of the
removed photons for which we are looking
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The treatment of the mass weights from the positron line is completely analogous�
In the actual implementation we control these weights numerically� if the above
identity holds� up to the statistical error� The ratio of the left and right side of
Eq� 
��� is printed in the output window C� positions C�� C� and C�� of the 	nal
printout from sub�generator BHLUM��

The last subject in this Section is the numerical instability related to the QED
matrix element calculation� If we had calculated the model component weight taking
the QED matrix element from Eq� 
��� and plugging in dot�products of the four�
momenta reconstructed from the internal phase space variables t	 
	 !�i	 !
i	 
i	 !��i	

!
�i	 

�
i�

and� next� calculated the total weight by multiplying it by the crude weight� then we
would have encountered �uctuations of the total weight at the photon angle of order
of �p due to rounding errors� We traced most of them to the simple fact that even
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in ���bit �oating point arithmetic the dot product of two very collinear four�vectors

photon and electron momenta� may easily change by a factor of two or more after
these four�vectors are transformed from one Lorentz frame 
frame of Monte Carlo
generation of photons� to another frame 
laboratory frame�� The radical solution
is to keep track of the original values of the dot product before the Lorentz boost
i�e� to express all parts in the QED matrix element which feature collinear ze�
ros�singularities� like !S factors and D

��

� distributions in Eq� 
���� directly in terms
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The above expressions are equivalent to the original expressions of Eq� 
��� up to
terms of O
m�

e�jtj��

��� LUMLOG Monte carlo algorithm

The leading�logarithmic 
LL� sub�generator LUMLOG is closely related to Ref� �
�
where the reader may 	nd numerical results from this program and detailed dis�
cussion of the physics which they represent� This Monte Carlo event sub�generator
works in the strict collinear approximation for the initial and 	nal state photon emis�
sion� In contrast to the other two sub�generators it provides only variable�weight
events� It should be always remembered that 	nal state four�momenta represent
�dressed e�� i�e� normal �bare e� together with all accompanying bremsstrahlung
photons� This is dictated by the calorimetric character of the typical LEP�SLC
luminosity detector� The program is able to calculate in a single Monte Carlo run
up to eight QED leading�logarithmic cross�sections�corrections� in various pertur�
bative orders� up O

�t � in the LL expansion parameter 
t� see Section �� We use
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the following two de	nitions of this e�ective LL coupling constant�	
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In the case of 

�A

t the jtj denotes the true four�momentum transfer exchanged in the

hard scattering between the two electron lines� Both choices are legal LL choices but
we prefer 
�A
t because it minimizes the sub�leading contribution in the soft photon
limit� Let us also remark that whenever we use �exponentiation in the context of
the LL calculations� then we do not mean the full YFS exponentiation but rather
its Gribov�type restriction to the LL context� see Refs� ���� ��� 
�� ����

This sub�generator was thoroughly tested by comparisons with another Monte
Carlo program MULTILOG and semi�analytical calculations for �arti	cial testing
of the electron structure function in a wide range of input parameters� From the
agreement of these calculations we infer the technical precision of LUMLOG to be
����� in the total cross�section� The similar LL calculations were done in Ref� �
��
but the authors do not quote the technical precision separately and claim the overall
precision 
including higher orders beyond second order� to be �����

The master formula for the small�angle Bhabha total cross�section with the
initial�state bremsstrahlung in the LL approximation reads

�LL �

�Z
xmin

dx�

�Z
xmin

dx�

�Z
�

d��
��Z
�

d
 D
x�	 
t�D
x�	 
t�

d�Born

d
d��
#�b
�a
��� #

�b
�a
���	 
���

where 
 is the azimuthal angle around the beam� x�	 x� denote fractions of the
energies carried by the beams� after emission of the initial�state photons� The energy
cut in the typical experiment is roughly xmin 
 ��� while in the program it may be
set xmin � ���� and lower��
 Any other energy cut can be imposed by rejection���

The angular trigger as de	ned by

#�b
�a
�� � #
� � �a�#
�b � �� 
���

is symmetric� but since we use the Monte Carlo integration�simulation method� it
will be trivial to turn it into an asymmetric or any other type of 
calorimetric�

��The introduction of light e� pairs in the LL approximation is done by the introduction of the
running QED coupling constant into the structure functions via their evolution equations ���� ��
�

this amounts to the substitution �

A�
t � �� ln �� � 
���	�
ln
jtj�m�

e� � ��
�
and is equivalent to

adding real�virtual electron pairs to a non�singlet structure function in the LL approximation�
��Simple Monte Carlo exercise shows that to a very high precision xi � Ecluster

i �Ebeam where
Ecluster
i is the calorimetric energy of outgoing dressed e�� Variables xi are therefore directly

measurable�
�	In Ref� ��
 we have used �� s��s � �� x�x� � v � vmax cut�
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trigger� The Born cross�section with pure t�channel photon exchange reads

d�Born

d
d��
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sx�x�

� � 
� � ����
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�

where �� in �� � 
� � cos ����� is de	ned as the scattering angle in the LL hard
scattering rest frame�� and ���� � 
�� cos ������� are convenient parametrization of
the laboratory scattering angles ���� of e�� The ���� are related to �� as follows

�� �
x��

�

x��� � x�
�� ���
	 �� �

x��
�

x��� � x�
�� ���
� 
���

All the above was kinematics and the QED perturbative LL calculation is located
in the so�called electron structure functions D
x	 
�� which in QED can be calculated
with an arbitrary precision� In our calculations we shall mainly use the non�singlet

valence� structure functions calculated perturbatively in the O

�t �� O

�t � and
exact O

�t �� see Refs� ���� 
�� ��� for more discussion� We use in the program
the second�order non�exponentiated electron structure function 
convolution� which
reads as follows
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and the O

�t � and Born O

�t � truncations as well� We recommend� however� us�
ing the YFS�exponentiated 
in the Gribov sense� expressions for electron structure
functions which are much closer to the exact in	nite�order solution of the evolution
equations� The best available exponentiated expression for the non�singlet structure
function in O

�t � comes from Ref� ���� and is indistinguishable� at our technical
precision level� from the exact O

�t � solution of the non�singlet evolution equation
�
��� It reads as follows
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t
�� x��t��
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��In small�angle Bhabha�s 
� is practically directly measurable because it can be trivially ob�
tained from the laboratory 
dressed� electron scattering angles 
i through the approximate relation
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C � ������������ and the program provides its O

�t �� O

�t � and O

�t � exponenti�
ated versions as well���

In the phase space integration of Eq� 
��� we have four variables� x�	 x�	 ��

and 
 which determine completely the 	nal�state four�momenta of e�� The main
singularities in d�LL are� infrared singularity 
��xi��t��� t�channel singularity �����

and kinematical singularity ��
x�x���� In the 	rst step towards the Monte Carlo
algorithm we re�arrange integration variables� We eliminate �� at the expense of
one of �� or ��� In order to preserve symmetry of the algorithm and to improve
treatment of the angular constraints due to #�s we do it as follows� If x� � x� we
substitute �� by ��� else we substitute �� by ��� Let us consider the 	rst case
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Next� we simplify the integrand d�LL � d�LL� � countering the simpli	cation with the
weight W � d�LL�d�LL� � The crude distribution d�LL� we de	ne as follows
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where

D�
x	 
� � 

�� x����
� � x�

�

���

is the simpli	ed structure function� Now� variables 
 and �� are generated inde�
pendently and the double di�erential distribution in variables x� and x� is gener�
ated separately with the help of the universal two�dimensional Monte Carlo sampler
VESK�W� which is able to generate arbitrary two�dimensional distribution over the
� � x��� � � square� This program was already used in LESKOF ���� and has the
advantage of being very stable numerically and providing a solid estimate of the nu�
merical�statistical error of the calculated integral� The total cross�section is given
by

�LL � hW i
Z
d�LL� � hW i�LL� 	 
���

��The superscript YFS means that the LL exponentiation is closely related to full YFS expo�
nentiation� see Refs� ���� ��� ��
�
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where � W � is the average weight and �LL� is provided by VESK�W�
The Monte Carlo algorithm is 
obviously� constructed for the exponentiated

structure function of Eq� 
���� which is smooth at the x� � � soft limit� The non��
exponentiated structure functions of Eq� 
��� have in this limit� from the Monte
Carlo point of view� the acute ��like singularities� Do we have to construct a separate
Monte Carlo program for them� No� there is another way out� and the method of
implementing exponentiated and non�exponentiated QED calculations in the single
Monte Carlo program is technically very important for future developments and tests
of the QED Monte Carlo event generators� How do we proceed� for example� with the
product of O

�t � structure functions� D
x�	 
t�D
x�	 
t� � �
x����x�� 
which simply
represents the Born calculation�� The crude distribution D�
x�	 
t�D�
x�	 
t� �

t
�� x���t��
t
�� x���t�� for typical 
t 
 ���
 is not� in fact� very much di�erent
from the previous product of ��s� The Monte Carlo procedure is the following�
we assign the constant� properly normalized model component weight to events
with max 
�� x�	 � � x�� � � � ���� generated according to crude distributions

t
��x���t��
t
��x���t��� They play the role of events generated according to the
product �
x���
x��� The events with max 
�� x�	 �� x�� � � � ���� are assigned
the model component weight equal zero� In the case of the full O

�t � expression 
���
we proceed in the analogous way� we split the � � x��� � � square into four sectors�

a� �� x� � �	 ��x� � � � 
b� ��x� � �	 �� x� � � � 
c� ��x� � �	 ��x� � � �

d� � � x� � �	 � � x� � � � Events from these sectors we identify with four terms
in Eq� 
��� which are proportional to �
x���
x��� �
x��� �
x�� and the no�delta
term� The whole art is in constructing a properly normalized model component
weight for ��like terms� This method is de	nitely a bit ine�cient with respect to
direct generation of ��s but the other advantages are far more important� First
of all� there is no need to write and test another new generator based on another
algorithm � our solution amounts merely to writing another subroutine for the model
component weight� Second� the typical use of LUMLOG is the calculation of the
di�erence O

�t �exp�O

t�� which would require two Monte Carlo runs of separate
programs� while in our case we have the result from the single Monte Carlo run 
this
outweighs any ine�ciency loss with respect to the two�program solution�� Let us
note that a very similar method was already used in BHLUMI ��xx� where the non�
exponentiated QED O
�� model component weight was imposed on the top of the
crude exponentiated multi�photon distribution� In future developments of the actual
version of BHLUMI it will be possible to implement the entire LUMLOG leading�
logarithmic calculation as another model component weight in the multiphoton sub�
generator BHLUM�� The comparison with results of the original LUMLOG will
provide a powerful test of the technical precision of BHLUMI�

��� Modifications of OLDBIS with respect to OLDBAB

We have started with the source code of OLDBAB taken from the RADCOR pack�
age installed on the CERN public disk by R� Kleiss� Most of the source code in the
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present OLDBIS is identical to that of OLDBAB� The Monte Carlo algorithm is al�
most unchanged� New corrections are of two types� 
a� cosmetic ones which concern
mainly output�input formats� choice of random number generator� etc� 
b� essential
ones which modify the algorithm� implementation of the QED matrix element and
usage of program�

Let us list� 	rst� the less important cosmetic changes

� The histogramming routines are removed�

� The input�output structure was aligned with other Monte Carlo programs
like KORALZ� LESKOF etc� In the CALL OLDBIS�MODE�XPAR�NPAR� initial�
ization� generation and postgeneration phases are determined by the MODE�

������ parameter�

� All input is read through XPAR and NPAR in the obligatory initialization for
MODE��� and immediately printed out�

� Each generated event 
for MODE��� is encoded in �MOMSET� and �WGTALL�

common blocks�

� Calling OLDBIS with MODE���� provides the cross�sections and other aux�
iliary information resulting from the Monte Carlo integration 
necessary for
histogram normalization� through NPAR and XPAR parameters� For MODE�� no
output is printed�

� For MODE��� in addition to information encoded in XPAR and NPAR� certain
output is printed� Note that the routine BABINF� printing output in the same
format as in the original OLDBAB� is kept active�

� All weight accounting is not done �by hand anymore� but rather by using the
special routine WMONIT�

� The modern random number generators RANMAR and RANECU replace the
original one�

� Output four�momenta QP�QM�QK are� now� in GeV units�

� The values of physical constants like � are not hard�wired directly into formulas
but are de	ned as the double precision variables�

The more important changes concerning the Monte Carlo algorithm and QED
matrix element are the following

� Detailed insight into Monte Carlo algorithm of OLDBAB reveals that the
variable SIGS is a dummy variable� i�e�� none of the calculated cross�sections
and distributions depends 
within statistical error� on SIGS� For this to be
true SIGS has to be positive� however� For very small k� � XK� the variable

��



SIGS becomes negative and the results from the OLDBAB do not represent
the true 	rst order QED anymore� We have corrected this� i�e�� de	ned a SIGS
which is always positive�

� The above rede	nition of SIGS is still not enough to avoid problems at the
very small k� � XK� limit� which has to be taken in order to check that
the program represents the 	rst order QED at the ����� technical precision
level� One has to allow for negative weights� i�e�� the introduction of weighted
events is necessary� This option is implemented and the program provides
weighted events for the input parameter switch KEYWGT��� The total weight
WTM is located in �MOMBAB� and later transferred to �WGTALL� as WTMOD� We
recommend using OLDBIS with weighted events�

� The essential observation made in Ref� ���� and exploited also in other papers
�
� ��� is that a certain class of annoying QED corrections� so called up�down
interferences� is completely unimportant at small�angles 
 � ��o�� To ob�
tain this result we had to rewrite completely the QED soft and hard matrix
element in OLDBAB� The new routine VIRSEL calculating soft and virtual
corrections is added� The user has at his disposal four types of matrix ele�
ment with various components switched on�o�� Each of them is represented
by the separate model component weight XWT���	�
�� see Table �� Only one
of them XWT����KEYSIN� is chosen as a model component weight in the total
weight� The di�erence XWT�����XWT���� accounts for the pure up�down in�
terference� Certain backward compatibility is kept � XWT���� represents the
original OLDBAB matrix element� but with new vacuum polarization and Z
width�

� The archaic vacuum polarization subprogram REPI is replaced by the modern
version of the same name �

��

� The Z�� interference correction includes now the Z width�

� There is� now� no immediate rejection for events in which one of the outgoing
e��s is in the angular trigger but another one 
due to photon emission� is out�
Such an event passes through� but has weight equal zero�

� Symetrization e� 
 e� can be suppressed by setting the special switch KEYMIR

� �� This option was useful in comparisons of OLDBIS results in Ref� ��� with
the semi�analytical calculations�

All these changes are marked in the source code with special string of characters for
easy identi	cation�
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� Subprograms in the generator

The present version of the Monte Carlo generator BHLUMI includes three indepen�
dent sub�generators BHLUM�� LUMLOG and OLDBIS which form three distinct
parts of the code� They are supplemented with the library of the utility subprograms
named BHLLIB� The main program and two demonstration programs BHLDE� and
BHLDE� are described in the next Section� The only purpose of subroutine BHLUMI
is to call on one of three sub�generators and to pass the arguments� In fact� each
of the three sub�generators may be called directly and it is possible to separate it
completely from the rest of the program rather easily�

The important subprograms in BHLUM� part are the following

� BHLUM� is the central administrative subprogram� It calls on all other sub�
programs performing essential steps in the Monte Carlo event generation� It
controls weight book�keeping� �ow of input� output and communication among
other subprograms in the entire BHLUM� sub�generator�

� FILBHL� in the initialization stage de	nes variables in the common blocks using
information from XPAR and NPAR� It also prints useful output related to input
parameters�

� MLTIBR is the most important subprogram in the generator� It generates
Sudakov�type variables !�i� !
i� azimuthal angles 
i and calculates four mo�
menta of photons and fermions� All this is done for one fermion line in the t
channel rest frame QRSp or QRSq� It is called twice� separately for e� and e�

lines� It also calculates components for the mass weights�

� PIATEK is the subprogram which calculates two versions of the mass�weights
W ��
 and W ��
� one version for the case where soft photon removal is not
done and a second version for the case of removal� In the second case it also
calculates the relevant control weight� REMPHO does the actual job of removing
soft photons with the energy below CMS cut �

p
s�� 
in the case where this

version of the algorithm is actually applied��

� POISSG generates photon multiplicity NPHOT�

� KINO� transforms four�momenta of e� and photons from QRSp and QRSq to
the CMS laboratory system�

� MERGIK puts four�momenta of all photons in the single common block ordering
them according to CMS energy�

� MODEL� calculates the list of the model component weights�

� REPI calculates the total 
leptonic plus hadronic� photon vacuum polarization��

according to the parametrization of Ref� �

��

��We are grateful to Dr� H� Burkhardt for providing us with this subprogram�
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� DUMPS prints 	nal state four�momenta � useful for test�

The important subprograms in the LUMLOG part are the following

� LUMLOG transfers call to subroutine BHALOG�

� BHALOG is the central administrative subprogram� It calls on all other sub�
programs performing essential steps in the Monte Carlo event generation� It
controls weight book�keeping� �ow of input� output and communication among
other subprograms�

� MODELU calculates the model component weight for O

�t � non�exponentiated
structure functions�

� KINOLT constructs four�momenta out of phase space variables 
	 ��	 x�	 x��

� FUNSKI provides the two dimensional crude distribution in x�	 x� to be gener�
ated by VESK�W�

� STRUFU calculates the exponentiated singlet 
valence� structure function of the
electron� four versions from O

�� to O
����

The important subprograms in the OLDBIS part are the following

� OLDBIS includes all of the generation Monte Carlo algorithm including weight
book�keeping and �ow of input�output� printout of 	nal results� etc�

� BABINF old routine which prints 	nal results on the total cross�sections in the
same format as in OLDBAB�

� VIRSEL is the new routine calculating various versions of the virtual corrections
� notably with and without up�down interferences�

� VIRSOF is the old routine calculating virtual corrections�

� YYWEAK is the new version of the function XSWEAK calculating Z exchange cor�
rection�

� KINBIS 	lls 	nal four�momenta into standard common block �MOMSET� of BH�
LUMI�

The important subprograms in the utility library BHLLIB are the following

� VARRAN Switchable random number generator� We installed in the program
two random number generators RANMAR �
�� and RANECU�
����� Only one
of them is used in a given Monte Carlo run depending on the switch KEYRND� see
description of the input data in the next Section� The single routine VARRAN is
introduced in order to facilitate the optional use of one of the two generators�

��We would like to thank Dr� F� James for providing us the code of the two programs�
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� MARRAN is a copy of the standard CERN random number generator RANMAR of
Ref� �
�� called in VARRAN�

� RANECU is the random number generator of Ref� �
�� called through VARRAN�

� VESK�W is the two�dimensional Monte Carlo sampler capable of generating an
arbitrary two�dimensional distribution� used also in LESKOF Monte Carlo
�����

� WMONIT monitors up to ��� weights� calculating average� dispersion and max�
imum of the monitored weight�

� WMONI� is a copy of WMONIT�

� How to use the program

In order to start quickly without reading all of this section we propose the following
short code�

COMMON � MOMSET � P�����Q�����P�����Q�����PHOT��������NPHOT

DOUBLE PRECISION P��P��Q��Q��PHOT�XPAR�����

INTEGER NPAR�����

�book histograms�

NPAR���� 
���

NPAR���� �

XPAR���� 
�D�

XPAR���� ��
D�

XPAR�
�� ���D�

XPAR���� �D��

CALL BHLUMI����XPAR�NPAR�

DO ��� IEVENT � �������

CALL BHLUMI� ��XPAR�NPAR�

�fill histograms�

��� CONTINUE

CALL BHLUMI� ��XPAR�NPAR�

�print histograms�

It can be found in the beginning of the demonstration deck and its output starts
the test run output at the end of the present paper� Input option switches in NPAR

assure that your Monte Carlo events will be produced according to O
�� Yennie�
Frautschi�Suura exponentiation� including Z and s�channel resonance exchange� s�
channel � exchange and t�channel photon vacuum polarization� Events will have
constant weight WTMOD��� Parameter XPAR��� is CMS energy 
GeV�� XPAR��� and
XPAR�
� are minimum and maximum t�channel transfers 
GeV�� corresponding ap�
proximately to �min � ���� and �max � ����� Remember that this generator should
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be used for �min�max � ���� The 	nal state e� four momenta 
GeV� are encoded in
P�� Q� and that of the i�th bremsstrahlung photon in PHOT�i���� Variable NPHOT

is the number of photons� Beam momenta are also provided as P�� Q�� The last
call on BHLUMI prints 	nal Monte Carlo statistics� cross�sections etc�

In the general case a complete sequence of calls which generates ����� events
may look like

COMMON � MOMSET � P�����Q�����P�����Q�����PHOT��������NPHOT

COMMON � WGTALL � WTMOD�WTCRU��WTCRU��WTSET�����

DOUBLE PRECISION P��P��Q��Q��PHOT�XPAR�����

DOUBLE PRECISION WTMOD�WTCRU��WTCRU��WTSET

INTEGER NPAR�����

define NPAR and XPAR� book histograms

CALL BHLUMI����XPAR�NPAR�

DO ��� IEVENT � �������

CALL BHLUMI� ��XPAR�NPAR�

fill histograms

��� CONTINUE

CALL BHLUMI� ��XPAR�NPAR�

normalize and print histograms

CALL BHLUMI� ��XPAR�NPAR�

As is obvious from the above example the 	rst integer parameter MODE in any CALL

BHLUMI�MODE�XPAR�NPAR� simply decides whether BHLUMI is called in initializa�
tion mode 
MODE � ���� generation mode 
MODE � �� or post�generation mode 
MODE
� ����� The 	rst obligatory call� with MODE���� is employed in order to transfer the
input data through NPAR and XPAR parameters and to execute initializations in
certain subprograms 
no event generation�� The series of calls with MODE�� does
the main job� i�e�� generate Monte Carlo events� Four�momenta of the 	nal state
are accessible in the appropriate common blocks� The last two optional calls with
MODE���� can provide useful output information through NPAR and XPAR and also
in the form of printout 
for MODE�� only��

Let us now give more details about the input�output parameters in every par�
ticular mode�

��� Input in initialization mode

The input data are transferred to BHLUMI through XPAR and NPAR parameters in the
initialization mode� for MODE���� The meaning of the entries NPAR��� and XPAR���

is the same for all three sub�generators but this is not true for other entries� We
therefore describe the meaning of XPAR and NPAR in three Tables ��
� separately for
the BHLUM�� LUMLOG and OLDBIS sub�generators� The choice of sub�generator
is made according to the KEYGEN�����
 switch� see description of NPAR����
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Parameter Meaning

NPAR����KEYOPT ������KEYGEN����KEYWGT�KEYRND�

general option switch� where KEYGEN�� for this sub�generator�
KEYRND���	 implies use of RANMAR or RANECU random num�
ber generator� If KEYWGT�� then constant total weight WTMOD��
events are produced else� for KEYWGT�� variable weight �weighted�
events are provided� In the latter case the user may also exploit
weights other than WTMOD� see common block 
WGTALL


NPAR�	��KEYRAD � KEYPIA�
option switch determining the type of QED matrix element used
to calculate the principal total weight WTMOD� Normally the user
should use KEYPIA��� For KEYPIA�� the t�channel photon vacuum
polarization� Z and s�channel � contributions are all switched o�
�pure QED bremsstrahlung��

XPAR����CMSENE
p
s� center�of�mass �CMS� energy in GeV units

XPAR�	��TRMIN Minimum t�channel transfer jtminj in GeV� units
XPAR����TRMAX Maximum t�channel transfer jtmaxj in GeV� units
XPAR����EPSCM �� dimensionless infrared cut on CMS energy of soft real photons�

Ephot � �
p
s��� recommended range ���� � � � ����

Table �� List of input parameters of BHLUM� sub	generator�

Other parameters� like electron mass me � ��������� GeV and QED coupling
constant � � ���
���
���� are de	ned inside the program�

��� Output in event generation mode

In the event generation mode� for MODE��� both XPAR and NPAR are ignored and the
single Monte Carlo event accompanied with weights is provided to the user in

COMMON � MOMSET � P�����Q�����P�����Q�����PHOT��������NPHOT

COMMON � WGTALL � WTMOD�WTCRU��WTCRU��WTSET�����

Matrices P� and P� represent four�momenta of incoming 
beam� and outgoing e�

while Q� and Q� represent four�momenta of incoming 
beam� and outgoing e�� List
of n �NPHOT photon four�momenta is encoded in PHOT� For constant weight events�
obtained by setting KEYWGT��� we have WTMOD��D� and the entire �WGTALL� may
and should be ignored� For variable weight� KEYWGT��� events there are two levels
of weights� For unsophisticated use of the program one takes events with the to�
tal weight WTMOD and the type of QED matrix element in WTMOD is determined by
KEYRAD�NPAR���� 
N�B� for weighted events� this weight is used for the rejection��
The advanced user of the program may� in the same Monte Carlo run� use a variety
of alternative weights de	ned as WTALT� WTCRU��WTCRU��WTSET�J� where each J

corresponds to one of many versions of the QED matrix element� in various pertur�
bative orders and with various contributions switched on�o�� This is explained in







Parameter Meaning

NPAR����KEYOPT ������KEYGEN����KEYWGT�KEYRND�

general option switch� where KEYGEN�	 for this sub�generator�
KEYRND���	 implies use of RANMAR or RANECU random num�
ber generator� Only the KEYWGT�� option of variable weight events
is implemented	

NPAR�	��KEYRAD � ���KEYTES �KEYBLO�
option switch determining the type of QED matrix element used
to calculate the principal total weight WTMOD� The user may exploit
weights other than WTMOD� see common block 
WGTALL
� described
in separate table� Normally KEYTES�� while KEYTES�� is for tests
only 
 the QED electron structure functions replaced with �unreal�
istic� testing functions ��� z����� The KEYBLO switch controls the
de�nition of the big logarithm L in the calculation� for KEYBLO��
we use L 
 ln�s����m�

e��� �recommended choice with proper soft
limit� and for KEYBLO�� we use L 
 ln�s�a�m�

e� �more crude but
legitimate choice��

XPAR����CMSENE
p
s� center�of�mass �CMS� energy in GeV units

XPAR�	��TMINL Minimum � electron�positron scattering angle in degree units
XPAR����TMAXL Maximum � electron�positron scattering angle in degree units
XPAR����XK� k�� dimensionless infrared cut on CMS energy of soft real photons�

Ephot � k�
p
s�� for not�exponentiated versions of the calculation�

Recommended range ���� � k� � ����

XPAR����XKMAX kmax� this parameters determines minimum e�ective mass s� of
the �nal state electron and positron� s� � s��� kmax�� Note that
kmax 
 � is allowed but we recommend kmax � �������

Table �� List of input parameters of LUMLOG sub	generator�
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Parameter Meaning

NPAR����KEYOPT ������KEYGEN����KEYWGT�KEYRND�

general option switch� where KEYGEN�� for this sub�generator�
KEYRND���	 implies use of RANMAR or RANECU random num�
ber generator� If KEYWGT�� then constant weight WTMOD�� events
are produced� else for KEYWGT�� variable weight �weighted� events
are provided� In the latter case the user may also exploit weights
other than WTMOD� see common block 
WGTALL
� For high technical
precision we recommend KEYWGT���

NPAR�	��KEYRAD � ���KEYMIR�KEYSIN�
option switch determining the type of QED matrix element used
to calculate the principal total weight WTMOD� KEYSIN�����	��
are allowed and they represent various options with the up�down
interference� vacuum polarization� Z resonance exchange and s�
channel photon contributions switched on and o�� For KEYSIN��
all above contributions are switched o�� See description of the
common block 
WGTALL
 for more details� Normally� one should
set KEYMIR�� while KEYMIR�� is for special tests only ��� 
 pho�
ton emitted only from one fermion line �positron of QP four�
momentum��

XPAR����CMSENE
p
s� center�of�mass �CMS� energy in GeV units

XPAR�	��TMINL Minimum � electron�positron scattering angle in degree units
XPAR����TMAXL Maximum � electron�positron scattering angle in degree units
XPAR����XK� k�� dimensionless infrared cut on CMS energy of soft real photons�

Ephot � k�
p
s��� Recommended range ���� � k� � ���� for

KEYWGT�� and k� � ���� for KEYWGT���
XPAR����XKMAX kmax� this parameter determines maximum CMS energy of the

real photon Ephoton � kmax� Note that kmax 
 � is allowed and
recommended�

XPAR�
��XKMIN kmin� this parameter determines minimum CMS energy of the real
photon Ephot � kmin� Normally kmin 
 �� non�zero values for
special tests only

Table 
� List of input parameters of OLDBIS sub	generator�
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BHLUM�

Entry Type of QED calculation

WTSET��� �WTSET����

WTSET�	� �WTSET��	�

QED order Vac� pol� Z�exch� s�chan� �
WTSET���� O���� Yes Yes Yes
WTSET��	� O���� Yes Yes Yes
WTSET���� O���� No No No
WTSET��	� O���� No No No

special miscellaneous
WTSET�	�� O���� Yes No No
WTSET�	�� �WTSET�	���WTSET��	�

WTSET�		� O���� Yes Yes No
WTSET�	�� �WTSET�		��WTSET�	��

WTSET�	�� O���� Yes Yes Yes
WTSET�	�� �WTSET�	���WTSET�		�

WTSET�	
� �	� component in WTSET�	��

WTSET�	�� �	� component in WTSET�	���
i�e� WTSET�	���WTSET�	
��WTSET�	��

WTSET�
�� LL component in WTSET����

WTSET�
	� Next�to�LL component in WTSET��	��

LUMLOG

Entry Type of non�singlet electron structure function

QED order Exponentiation light pairs
WTSET��� O���� Yes No
WTSET�	� O���� Yes No
WTSET��� O���� Yes No
WTSET��� O���� Yes No
WTSET��� O���� Yes Yes
WTSET���� O���� No No
WTSET��	� O���� No No
WTSET���� O���� No No

OLDBIS

Entry Corrections present in O��� matrix element

up�down interf� Vac� pol� Z�exch� s�chan� �
WTSET���� Yes Yes Yes Yes
WTSET���� No No No No
WTSET��	� Yes No No No
WTSET���� Yes No No Yes

Table �� Explanation of parallel weights in WTSET list� separately for each sub	
generator� The principal total weight WTMOD related to one of the entries depending
on the input parameters� For BHLUM� it corresponds to WTSET��� or WTSET����

depending on KEYPIA� for LUMLOG it corresponds to WTSET��� and for OLDBIS it
corresponds to WTSET����KEYSIN��
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Parameter Meaning

NPAR�����NEVGEN Number of generated Monte Carlo events
NPAR�	���NEVGEN Number of generated Monte Carlo events
XPAR�����XSEC Total cross�section �nanobarns� resulting from the Monte Carlo

integration
XPAR�����RXSEC Statistical relative error of the cross�section in XPAR����

XPAR�	�� 
XPAR���� for KEYWGT��� otherwise it is the crude Monte Carlo
cross�section �nanobarns�� to be used for renormalizing histograms

XPAR�	�� 
XPAR���� for KEYWGT��� otherwise 
 � because crude cross�
section is known exactly

Table �� List of output parameters in post	generation mode� MODE�����

more detail� separately for each type of sub�generator� in Table �� It is important to
know that for variable weight events the 	nal state four�momenta may be ill�de	ned
in events with WTMOD�� or WTCRU��WTCRU���� In order to avoid an unnecessary crash
of the user program the kinematical calculations should be protected by the appro�
priate IF �WTMOD�NE��D�� THEN ��� ENDIF conditional statement� This will also
speed up a bit the user histogramming program�

��� Output in post�generation mode

After generating a series of Monte Carlo events the user may optionally call BH�
LUMI with MODE�� or MODE�� to obtain the value of the integrated cross�section 
in
nanobarn units� corresponding to the entire generated Monte Carlo sample through
XPAR���� and its relative statistical error from XPAR����� For constant weight
events this cross�section will be used to calculate the cross�section after the trig�
ger and to introduce absolute 
in nanobarns� normalization of the histograms� For
weighted events� the content of histograms has to be renormalized using the crude
Monte Carlo cross�section 
before Monte Carlo integration� and this quantity is
available from XPAR����� We summarize the information on BHLUMI output pa�
rameters in post�generation mode in Table �� Note that OLDBIS sub�generators 	ll
in post�generation mode some additional entries of XPAR with quantities 
soft and
hard cross�section separately� which can be useful in the special tests of the type
presented in Ref� ���� We refer the reader to the corresponding Table in the source
code of the OLDBIS for details�

��� Other recommendations for the user

Our program has the form of a typical Monte Carlo event generator� One Monte
Carlo event is produced by the single call on the generator subprogram� The user
is responsible for arranging the loop over the events and selecting�accepting events
according to his favorite experimental trigger� Part of the demonstration program
described in the next section� for instance subroutine BOKER�� may serve as a useful
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example for developing the user�s own application program� The user may calculate
the total cross�section in the standard way using the number of accepted events and
the total cross�section provided by the event generator at the end of the Monte Carlo
run� The Born cross�section for arbitrary experimental cuts can be calculated only
with help of LUMLOG�

The primary trigger for the Monte Carlo sub�generator BHLUM� is de	ned by only
two parameters� tmin and tmax� Their values should be adjusted in such a way that
the entire phase space de	ned by the secondary trigger of the user 	ts well inside
the primary Monte Carlo trigger� It is shown in Fig� � of Ref� ��� how to do it in
practice� The essential problem is to choose tmin not too high such that the entire
phase space de	ned by the experimental trigger is covered� and not too low because it
would lead to excessive rejection of Monte Carlo events� For the O
�� and O
L����
this procedure is completely safe� For more complicated sub�leading 
second order�
processes one may get a contribution from the t � � region 
integrable� of the type
const � �
t� � which cannot be discovered by numerical exercises with variation of
tmin� as described in Ref� ���� This kind of contribution is discussed in Ref� �
��
and is found to be negligible� The other two generators generate events within
user�de	ned angular range�

The change of random number seed is possible for RANMAR generator� The
example is provided in the test BHLDE��

The multiphoton sub�generator may become less e�cient for �min � �� because
of many events with zero weight 
mass weight�� This may be cured by setting
TRMX�� CONST�TRMAX in BHLUM�� The constant may be simply one but it should be
adjusted such that the fraction of events with WTMOD � WTMAX is reasonably small�
Practical requirement is that the cross�section of these events 
printed by BHLUM��
should be kept at the reasonable level with respect precision aimed by the user�

Such adjustments can also make sense for angles higher then ����

The following limitations of the BHLUMI ���� should be kept in mind�

� The program validity range is restricted to small scattering angles� � � ����

� The �� and 
� events which enter into typical luminosity measurements should
be discussed separately� Such contributions are small and can be calculated
with help of the other Monte Carlo program �
��� The same remark concerns
production of the four lepton 	nal states�

� Demonstration program and its output

The program deck includes two demonstration programs BHLDE� and BHLDE�
followed by the Monte Carlo generator BHLUMI itself�

For a quick start we have prepared the simple demonstration program BHLDE��
see also the beginning of the previous section� which generates ����� constant�weight
multiphoton events� The printout from BHLDE� is included in the beginning of the
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test�run�output� It starts with the printout of input parameters followed by the four�
momenta of the 	rst event and the 	nal output from the multiphoton sub�generator
BHLUM� and from BHLDE� itself� The 	nal printout from BHLUM� is divided
into three windows� The 	rst one includes the total number of the generated events�
the total O
�� exponentiated cross�section for all of the Monte Carlo sample with its
statistical error� The constant�weight events are made 
inside the generator� out of
variable�weight events by the usual rejection using maximum weight WTMAX� In the
�rst window the value of the WTMAX is printed together with the number of events
with negative total weight 
WTMOD��� and the number of the �over�weighted events

WTMOD�WTMAX�� If �over�weighted events are present then the crucial quantity to
look at is not really the number of them but rather the cross�section from the part of
the phase space where WTMOD�WTMAX� This quantity together with other statistics on
weights is printed in the second window� The user may not worry too much about
the third output window from BHLUM� which shows averages of certain special test�
weights controlling some important technical aspects of the Monte Carlo generation�
All of them should be equal one within statistical error� Later in the test�run�output
we see two histograms printed by BHLDE���� The 	rst one is the distribution of
the e� scattering angle� The Monte Carlo multiphoton sub�generator generates
events in the well�de	ned t�range jtminj � jtj � jtmaxj of the t�channel transfer�
Owing to bremsstrahlung this range does not correspond to a unique range in the
scattering angle� as is clearly seen in the histogram� The second histogram shows
the distribution of the total weight WTMOD�

For advanced users we have prepared the second demonstration program BHLDE�
which shows how to use all three sub�generators� It is derived directly from the pro�
gram which was used to obtain all Monte Carlo results of Ref� ���� It may be used
for a wide variety of calculations and�or may serve as an example to be followed in
the construction of the user�s own application program� The demonstration program
BHLDE� is run three times for three di�erent data sets� In each run it calls on a
selected 
by input �ags� subset of the four testing programs BOKER� � BOKER� which
perform tests speci	c to one or more sub�generators�

In the �rst test�run BHLDE� generates ����� variable�weight events using multi�
photon sub�generator BHLUM�� In the test�run�output we see� 	rst� printout of all
input parameters� next� four�momenta of the 	rst two events and� 	nally� the post�
generation output from BHLUM� and from two testing subprograms BOKER� and
BOKER�� The cross�section from BHLUM� corresponds to the entire Monte Carlo
sample while BOKER��� calculate and print the cross�sections and corrections for
events accepted by the trigger� In all BHLDE� tests the trigger is of the calorimet�
ric type� i�e� it does not distinguish electrons and photons� It is embodied in routine
TRIGAS� and it is precisely the trigger of Ref� ���� All Monte Carlo calculations in

��The program contains much more histogramming but the rest of it is commented�out� The
reader is reminded that in the Monte Carlo runs with high statistics 
���� events� Monte Carlo
the histogramming package has to use double precision arithmetic in storing histogram content�
Ref� ��
�
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this test�run correspond closely to those of Ref� ����
In the second test�run LUMLOG generates ����� variable�weight events using

leading�logarithmic sub�generator LUMLOG� In the test�run�output we have� 	rst�
printout of all input parameters followed by four�momenta of the 	rst two events and�
next� the post�generation output from LUMLOG and from one testing subprogram
BOKER
� The cross�section printed by LUMLOG corresponds to the entire Monte
Carlo sample while BOKER� calculates and prints results for events accepted by the
trigger� The calculations in this test run correspond closely to those of Ref� �
��
they also provide some results for inter�generator tests of Ref� ����

In the third test�run OLDBIS generates ����� variable�weight events using O
��
sub�generator OLDBIS� which is a modi	ed�improved version of the OLDBAB
Monte Carlo of Ref� ���� see also Ref� ���� In the test�run�output we 	nd� 	rst�
printout of all input parameters followed by four�momenta of the 	rst two events
and� next� the post�generation output from OLDBIS and from two testing subpro�
grams BOKER� and BOKER�� The cross�section printed by OLDBIS corresponds to
the entire Monte Carlo sample while BOKER��� calculate and print results for events
accepted by the trigger� Calculations in this test run give the value of the up�down
interference contributions with and without the experimental trigger� see Tables in
Ref� ��� and Ref� ���� This test may also serve to check�� if this version of OLDBIS
reproduces properly the true O
�� QED cross�section presented in Table � of Ref�
���� The agreement within ����� technical precision is expected�

� Conclusions

The program BHLUMI ���� represents the state of the art in the calculations of the
QED corrections to small�angle Bhabha and their technical and physical precision�
On the one hand� it is a full�scale stand�alone Monte Carlo event generator ready to
use for any kind of detector study and to calculate the QED correction to luminosity
measurement� On the other hand� it is a tool box of programs which allows one to
do all kind of sophisticated tests and to cross�check in many ways the obtained
numerical results� It is not the 	nal ideal solution of the problem and a lot of things
in the program could and should be improved� The present program provides very
solid starting point for new improvements and developments�
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 �� ����
����� xsec� total XS �
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� ������ mixed ����� �
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� � September ���� � �
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� O�alf��alf���Born RXS�
 �
� ��� O�alf
�exp ��� �
� ���	���

�� �� ���	������ xsec� total XS�� A
 �
� �����
		�� rel� error �
� ������
��
� O�alf
��Born�� �
� �������	�� �� ���������	 O�alf
�alf���Born RXS�� �
� ��� O�alf
�exp ��� �
� ��� plus pairs ��� �
� ���	�
��
�� �� ���	��
		� xsec� total XS�� A� �
� �����
	�

 rel� error �
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���������������������������������������������������������������������������
� ������������ BOKER
 ������������� �
� LUMLOG corrections and x�sects� �
� ��������������������������������� �
� BORN� O�alf�� �
� ��������������������������������� �
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